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Let H(n) denote the number of partitions of n into parts which are repeated 
exactly 1, 3,4, 6, 7, 9, or 10 times with the parts repeated exactly 1, 4, 6, or 9 times 
even in number minus the number of them with the parts repeated exactly 1, 4, 6, 
or 9 times odd in number. In this paper we use the arithmetic of the quadratic held 
Q(i), where i*= -1, to prove that H(n) assumes all integral values and does so 
infinitely often., 0 1992 Academic Pnss, Inc. 
1. INTRODUCTION 
Let S(n) denote the number of partitions of n into distinct parts with 
even rank minus the number with odd rank (see [2]). In [3], the 
remarkable interaction between the theory of partitions and algebraic num- 
ber theory was exemplified by studying S(n) using the arithmetic of Q(G). 
It was proved (see [3, Theorem 41) that S(n) takes on every integral value 
infinitely often. I have been unable to find any other partition function in 
the literature which has this property. 
Let H(n) denote the number of partitions of n into parts which are 
repeated exactly 1, 3, 4, 6, 7, 9, or 10 times with the parts repeated exactly 
1,4, 6, or 9 times even in number minus the number of them with the parts 
repeated exactly 1, 4, 6, or 9 times odd in number. Thus H(7) is 1 because 
7( 1 ), 1 + 6, 2 + 5, 3 + 4, and 4( 1) + 3 have an even number of parts 
repeated exactly 1, 4, 6, or 9 times while 7, 1 + 2 + 4, 1 + 3(2), and 3( 1) + 4 
have an odd number of parts repeated exactly 1, 4, 6, or 9 times. 
In this paper we use the arithmetic of the quadratic field Q(i), where 
i2 = -1, to analyze the function H(n). As a consequence, we prove that 
H(n) assumes all integral values and does so infinitely often. 
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2. MAIN RESULTS 
For (positive) integers n, consider the equation 
u2 + v2 = 12n + 5. (2.1) 
If (u, v) is a solution of this equation then we must have either u E f 1 
(mod 6) and v z 12 (mod 6), or u = k2 (mod 6) and v 3 kl (mod 6). We 
call a solution (u, v) of (2.1) admissible if u E 1 (mod 6) and v E 2 (mod 6). 
For (positive) integers n 5 5 (mod 12), let F(n) be the excess of the number 
of admissible solutions of u2 + v2 = n with u+ v E 3 (mod 12) over the 
number of them with u+ ~$3 (mod 12). 
In Section 3 we prove the following theorem, which relates the arithmetic 
function F(n) to the partition function H(n). 
THEOREM 1. For n>O, H(n)=F(12n+5). 
In Section 4 we study the function F(n) using the arithmetic of Q(i) to 
prove 
THEOREM 2. The set of n for which H(n) # 0 has density 0. On the other 
hand, H(n) takes on every integer value infinitely often. 
3. PROOF OF THFOREM 1 
First we note that the generating function of H(n) is 
n (1 - q” + q3” - q4” - q6” + q’” - q9” + qlO”) = c H(n) q”. (3.1) 
?I31 II20 
LEMMA 1. For )q( < 1, 
J, (1 - q” + q3” - q4” - q6” + q’” - q9” + 410”) 
= n ,K& (-l)n+m q3(nz+m2)+n+Zm~ 
Proof. We have 
n;z(-l).q,Jn*+B” 
= n ((1 -q2”“)(1 -q2A”--++)(1 -q2An-----)), 
II>1 
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by Jacobi’s triple product identity [ 1, Theorem 2.8, p. 21]. Thus 
qF1 ((1 -q6”)(1 -q6”-2)(1-q6”-4)) 
x n ((1 -q6”)(1 -q6”-I)(1 -q6”-5)) 
n,l 
=,FI, ((1 -q6”)(1 -q”)(l -q6”-3)-l) 
= ,II, (( 1 - q6”)( 1 - q”)( 1 + q3”)) (see [ 1, Corollary 1.21) 
= n (l-q”+q3”- q4” - q6” + q’” - q9” + q”‘“). 
n>l 
As a consequence of this lemma we have 
= q5 fl (1 _ q12n + q36n _ q48n _ q72n + q84n _ q108n + q120~) 
?I$1 
=q5 C (-l)n+mq36(n2+m2)+12n+24m 
n,msZ 
=,,C,, (_l)n+mq(6n+1)2+(6m+2)2 
= 1 F(l2n+5)q’2”+5. 
lZ20 
4. THE ARITHMETIC FUNCTION 8'(n) 
In this section we analyze the function F(n) using the arithmetic of Q(i). 
First we note the following facts about the Gaussian integers. For details 
one may see [S]. 
The set of Gaussian integers is (U + iv : U, v E Z}, which we denote by 
Z[i]. This set is a unique factorization domain. For c1 E Z[i J, we denote by 
Z the conjugate of a. For a = u + iv, the norm of c( is N(a) = a6 = u2 + 2. 
The numbers f 1 and fi form the group of units in Z[i]. Two numbers, 
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u and a’, are called associates if a’ = a& for some unit E; associates have the 
same norm. For each rational integer n, there are finitely many non- 
associate elements with norm n. If p is a rational prime s 3 (mod 4), then 
p remains prime in Z[i]. If p = 1 (mod 4), then p factors as a product of 
two conjugate but non-associate primes, p = 7~77, where N(n) = N(E) = p. 
Let A denote the set (a = u+ iv E Z[i] : u E 1 (mod 6) and u = 2 
(mod6)},andlet Bdenotetheset {a=u+io~Z[i]:eitheru~O(mod6) 
and u - 1 (mod 6) or u = 3 (mod 6) and 0~4 (mod 6)). 
Fora=u+iu~h[i]wedefinec,(cr)intermsofumod4andumod4by 
yo 12 3 
0 0 ' 0 -i 
1 1 A-1 0 
2 o-i 0 . 
3 -1 0 1 A 
Let ~~(a) be defined in terms of u mod 3 and u mod 3 by this table, where 
0 = eni14 = (1 + i)/J5 
0 0 -i i 
1 1 09 0’ 
2 -1 o3 0 
Let c(a) =c3(a) c4(a). Direct calculation shows that c3 and c4 are 
completely multiplicative, so the same is true of c. Furthermore, c( 1) = 
c( - 1) = c(i) = c( -i) = 1, so c(a) = ~(a’) if c1 and a’ are associates. 
Now let 
C(n)= c c(a), 
N(a)=n 
where the sum is over a complete set of non-associate Gaussian integers 
with norm n. 
The relation between C and F is given by: 
LEMMA 2. For n E 5 (mod 12), 
F(n)= -LC(n). 
Jz 
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ProoJ For n E 5 (mod 12), we have 
C(n) = 1 (c(a) + c(i)). 
CteA 
N(u)=n 
But for a=u+iu~A, cS(a)=w7 and ~~(a)=(-l)(~+“-~)/* so c(a)= 
(4)(u+u--Iu2~7 Also, c(k) = (- l)(“+“-I)‘* 05. Hence c(a) + c(E) = 
(-l)(U+“-1)‘2(w~+w5)=(-1)(U+U+i~~2~i, so C(n)=JZiF(n). 
The next lemma summarizes the facts about C. 
LEMMA 3. (a) The function C is multiplicative. 
(b) C(n)=0 unless n= 1 or 5 (mod 12). 
COROLLARY. Zf rn= 5 (mod 12), nr 1 (mod 12), and (m, n)= 1, then 
F(mn) = F(m) C(n). 
Remark 1. For (positive) integers n, consider the equation 
u* + u2 = 12n + 1. (4.1) 
If (u, u) is a solution of this equation then we must have either US 0 
(mod6) and u= fl (mod6), u= &1 (mod6) and ur0 (mod6), ur3 
(mod 6) and u E k4 (mod 6), or u E f4 (mod 6) and u z 3 (mod 6). We 
call a solution of (4.1) admissible if u E 0 (mod 6) and o E 1 (mod 6). For 
m z 1 (mod 12), let E(m) denote the excess of the number of admissible 
solutions of u2 + u2 = m with u-t v = 1 (mod 12) over the number of them 
with u+ uf 1 (mod 12). If m is not a perfect square then C(m) = 2E(m); 
otherwise 
C(m) = 
2E(m) - (- l)‘J;;;- 1)/2, if &El (mod6) 
2E(m)-(-l)(-J;;;-1)/2 if A= -1 (mod6). 
We next evaluate C(n) for prime powers. 
LEMMA 4. Let p be a prime E 1 (mod 12) and n > 1. Then: 
(a) C(p) is either 0, - 2, or 2. 
(b) rfC(p)=O, then 
ifn is even 
otherwise. 
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(c) zf c(p) = +2, then 
i 
(n+l) 
cw)= (-l)“(n+l) 
if C(p)=2 
if C(p) = -2. 
Proof. Fix a prime rt = u + iv E Z[i J of norm p. We may assume z E B, 
so that c~(R)= -c,(E)= -i. If c1=7c, . . . rc, is such that N(ol) = p”, where 
the rcis are primes in Z[i], then each rcj is a divisor of N(a), and hence a 
divisor of p. Thus each rcj must be an associate of either R or E. Thus a is 
an associate of rrn- kli--k for some 0 < k < n. Hence 
C(p”)= 1 c(n -kilk) = c C(K)n-k C(ir)k 
k=O k=O 
= i &y-k c4(7z)n-k C,(E)k C4(E)k 
k=O 
= ( -ic4(7t))” i ( -c~(~)c~(~z-~)~. 
k=O 
If u=O (mod6)and UE 1 (mod6) then ~,(n)=i(-l)(~+“-~)‘~ andc.,(n)= 
-cq(7q, so 
C(pn)=(-l)++“-‘)qn+l). 
In particular, C(p) = 2( - l)@+“- 1)/2 = f2, so 
C(P”) = (C(PY2)” (n + 1). 
If u - 3 (mod 6) and u ~4 (mod 6), then c,Jrc) = cd(%) = (- 1)(“+u-1)‘2; so 
C(p”)=(-i)“(-1)“t”+“-‘M2 ” 
k;o(-l)k 
= t-l)““, 
{ 
if n is even 
0 if n is odd. 
In particular, C(p) = 0. 
Combining these results implies the lemma. 
Values of C(p) are listed in Table I for primes < 1000 and s 1 (mod 12). 
These computations are done on a computer using Remark 1. 
LEMMA 5. Let p be a prime E 5 (mod 12) and n > 1. Then: 
(a) F(p) is either - 1 or 1. 
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TABLE I 
83 
P C(P) P C(P) 
13 0 421 0 
31 -2 433 -2 
61 2 451 0 
13 0 541 0 
97 0 571 2 
109 0 601 -2 
157 -2 613 2 
181 0 661 -2 
193 -2 673 2 
229 0 709 0 
241 0 733 0 
211 0 151 0 
313 2 169 2 
331 0 829 0 
349 2 853 -2 
313 2 877 2 
391 2 931 -2 
409 0 991 2 
(b) Zf n is even, then 
i 
( - 1 )n’4 
‘(p”) = (_ l)(n+2)/4 
if n=O (mod4) 
if n e 2 (mod 4). 
(c) Zf n is odd, then 
F(p”)= o 
{ 
(-l)‘“-“‘“F(F(p) zf n=l (mod4) 
if n = 3 (mod 4). 
Proof: Fix a prime K E Z[i] of norm p. We may assume K E A, so that 
c4(7r)=c4(@. If a=rr, ... R, is such that N(a) = p”, where the xj’s are 
primes in Z[i], as in the proof of Lemma 4, a must be an associate of 
n n-k5k for some 0 < k < n. Hence 
C(p”)= i c(d+e)= i C(ny C(ir)k 
k=O k=O 
= C4(7c)” co7n kgo 0-2k. 
By considering the possibilities for u and v mod 4, the lemma follows. 
Values of F(p) are listed in Table II for primes < 1000 and E 5 
(mod 12). These computations are done on a computer using the definition 
of F(n) given in Section 2. 
MANVENDRATAMBA 
TABLE II 
P F(P) P F(P! 
5 1 461 -1 
17 -1 509 -1 
29 -1 521 -1 
41 1 557 -1 
53 -1 569 -1 
89 1 593 -1 
101 1 617 1 
113 1 641 -1 
137 -1 653 1 
149 -1 677 1 
173 1 701 -1 
197 1 761 1 
233 -1 773 -1 
257 -1 797 1 
269 1 809 1 
281 1 821 1 
293 -1 857 1 
317 1 881 -1 
353 1 929 -1 
389 -1 941 -1 
401 -1 953 -1 
449 1 977 1 
LEMMA 6. Let p be a prime - 7 or 11 (mod 12), and n 2 1 be even. Then 
C(p”)= 1 
I 
( - 1)“‘2 if p=7 (mod 12) 
if pzll(mod12). 
Proof: By [S, Theorem 2781, the equation u2 + v2 = p” has only one 
admissible solution, namely u = 0 and v = P”/~ in the case p E 7 (mod 12), 
and u = 0 and v = ( -p)“12 in the case p E 11 (mod 12). Note that, in the 
case p = 7 (mod 12), u + v E 1 (mod 12) if and only if (7”” - 1)/6 is even. 
Hence in this case (see Remark 1 ), C(p”) = ( - 1)“j2. In the case p = 11 
(mod 12), u + v = 1 (mod 12), for all n, since (( - 1 1)“12 - 1)/6 is even for all 
n. Hence in this case (see Remark 1 ), C(p”) = 1. 
5. PR~~FOF THEOREM 2 
For given x > 0, let P, denote the set of primes ~3 (mod 4) which are 
<x. By [5, Theorem 368, p. 3001 and (2.1), H(n) #O and PEP, implies 
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that the exponent of p in 12n + 5 is even. In particular, for each p E P,, 
either p does not divide 12n + 5 or p* divides 12n + 5. Hence, as in the 
proof of [3, Theorem 4, p. 4021, the density of the set of such n is 
Letting x + co and using the fact that CpS3 (mod 4j l/p diverges (see [4, 
p. 121 I), we have proved the first part of Theorem 2. 
We now prove that H(n) assumes all integral values. Let k be a given 
integer. The case k = 0 is trivial because of the first part of Theorem 2. So 
suppose k # 0. Now, from the Tables I and II, F(5) = 1, C( 13) = 0, and 
C(61) = 2. Hence for k,m > 0 we have 
5.61k-‘.13*“-5 
12 
=F(5. 61k-‘ . 13*“) (by Theorem 1) 
=F(5) C(61k-‘) C(13*“) (by Lemma 3(a) and Corollary) 
=k(-1)” (by Lemmas 4(b), 4(c)) 
k if m is even 
= 
-k if m is odd. 
This completes the proof of Theorem 2. 
Remark 2. The modified functions c and C were suggested by the 
referee of this paper. Lemmas 2 and 3 and the proof of Lemma 4 are due 
to him. It was also noted by the referee that G(n) = C(12n + 1) has a nice 
generating function: 
c G(n)q”- n u-Pw-q3”)* 
I230 n21 
(l-q6”) . 
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